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⋃
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• termination modularly
if /,I commute lazily then /,I terminating iff / ∪ I
terminating

• behavioural equivalence (bisimulation-up-to)
/ · ∼ ⊆ ∼ · / and ∼ · . ⊆ . · ∼ (R vs. ∼ · R · ∼)
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Commuting version of Newman’s Lemma

Theorem

local commutation implies commutation, if → = . ∪ I terminating

⇒
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Local commutation

Commuting version of Newman’s Lemma

Theorem

local commutation implies commutation, if → = . ∪ I terminating

Exercise

show that without termination commutation need not hold
exercise: does commutation hold if .+ ·I+ terminating?
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Local commutation

Commuting version of Newman’s Lemma

Theorem

local commutation implies commutation, if .+ ·I+ terminating

Proof.

idea: use decreasing diagrams with self-labelling

• label a . b as a .a.b b

• label a I b as a IaIb b

• order � generated by ‘reachability’:

(a . b) � (c I d), if b � c

(a I b) � (c . d), if b � c

with → = . ∪ I, well-founded because of assumption
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Local commutation

Commuting version of Newman’s Lemma

Theorem

local commutation implies commutation, if .+ ·I+ terminating

Proof.

a

b c

d e

f
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Local commutation

Commuting version of Newman’s Lemma

Theorem

local commutation implies commutation, if .+ ·I+ terminating

Proof.

(b I d)

a

b c

d e

f

(a . b) (a I c)

(c . e)

(e . f )(d I f )
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Local commutation

Commuting version of Newman’s Lemma

Theorem

local commutation implies commutation, if .+ ·I+ terminating

Proof.

(b I d)

a

b c

d e

f

(a . b) (a I c)

(c . e)

(e . f )(d I f )

b � b � d and c � c � e

JN & VvO (UIBK) Commutation, motivation, localisation 14/23



Local commutation

Lemma of Hindley

Theorem (Hindley 1964)

strong commutation implies commutation

=

⇒
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Local commutation

Lemma of Hindley

Proof.

intuition: tiling terminates since only . steps are split
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Lemma of Hindley

Proof.

intuition: tiling terminates since only . steps are split

repeat: fill in local peak with local diagram
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Local commutation

Lemma of Hindley

Proof.

intuition: tiling terminates since only . steps are split

must stop: each I stripe is eventualy filled

JN & VvO (UIBK) Commutation, motivation, localisation 15/23



Local commutation

Local decreasingness

Theorem

locally decreasing ⇒ commutation

⇒

j

≺j
= =

j i

≺i ∨ ≺j ≺i ∨ ≺j

∗ ∗

∗

i

≺i

. =
⋃

i∈I .i , I =
⋃

j∈J Ij , ≺ well-founded order on I ∪ J
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Local commutation

Locally decreasing?

Exercise

find 4 different labellings; how many labels needed?

±

b d

a e

c

f g

h

i

j

¬

¯

®



°
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Local commutation

Locally decreasing?

Exercise

find 4 different labellings; how many labels needed?

96

100

100

100

100

99

99

99

99
98

98
98

97

97

97

b d

a e

c

f g

h

i

j

¬

¯

®



°

±

Hans’ labelling: top–bottom, high as possible
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Local commutation

Locally decreasing?

Exercise

find 4 different labellings; how many labels needed?

f

b d

a e

c

f g

h

i

j

¬

¯

®



°

±

b

b d

d
c c

g

e

j

g
h

f

h

a

b � d � c � f � g � h � e � a � j � i (topological sort)
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Local commutation

Locally decreasing?

Exercise

find 4 different labellings; how many labels needed?

i

b d

a e

c

f g

h

i

j

¬

¯

®



°

±

a

c c

e

e
g

j

i

i

f

a
h

a

i

b � d � c � f � g � h � e � a � j � i (topological sort)
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Local commutation

Locally decreasing?

Exercise

find 4 different labellings; how many labels needed?

0

0
0

0

1

1 1

1

00

0
0

1 0

1

b d

a e

c

f g

h

i

j

¬

¯

®



°

±

two labels: 1 > 0
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Local commutation

Locally decreasing?

Exercise

find ordering on these labels to make local peaks decreasing

¯

b d

a e

c

f g

h

i

j

¬ 

® °

±

µ

`

κ

`

κ`

κ

`

κ

`

κ κ

µ

`

κ

κ � `, µ
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Local commutation

Locally decreasing?

Exercise
• find suitable labelling to prove Newman’s Lemma

• find suitable labelling to prove Hindley’s Lemma
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Local commutation

Locally decreasing?

Exercise
• find suitable labelling to prove Newman’s Lemma

Answer: label steps by source, order by →+ with → = . ∪ I
a

b c

d e

f

• find suitable labelling to prove Hindley’s Lemma
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Local commutation

Locally decreasing?

Exercise
• find suitable labelling to prove Newman’s Lemma

Answer: label steps by source, order by →+ with → = . ∪ I

(b)

a

b c

d e

f

(a) (a)

(c)

(e)(d)

• find suitable labelling to prove Hindley’s Lemma
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Local commutation

Locally decreasing?

Exercise
• find suitable labelling to prove Newman’s Lemma

Answer: label steps by source, order by →+ with → = . ∪ I

(b)

a

b c

d e

f

(a) (a)

(c)

(e)(d)

a→+ b →+ d and a→+ c →+ e

• find suitable labelling to prove Hindley’s Lemma
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Local commutation

Locally decreasing?

Exercise

• find suitable labelling to prove Newman’s Lemma

• find suitable labelling to prove Hindley’s Lemma
Answer: order I-steps above .-steps

a

b c

e

f
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Local commutation

Locally decreasing?

Exercise

• find suitable labelling to prove Newman’s Lemma

• find suitable labelling to prove Hindley’s Lemma
Answer: order I-steps above .-steps

(I)

a

b c

e

f

(.) (I)

(.)

(.)
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Local commutation

Locally decreasing?

Exercise

• find suitable labelling to prove Newman’s Lemma

• find suitable labelling to prove Hindley’s Lemma
Answer: order I-steps above .-steps

(I)

a

b c

e

f

(.) (I)

(.)

(.)

(I) � (.)
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Local commutation

Local peak may be non-base case

Proof.

local peak may not be base case

i j

i
j

≺j
≺i ∨ ≺j
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but its peaks can be filled in by induction
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Local commutation

Local peak may be non-base case

Proof.

but its peaks can be filled in by induction..

i j

j
≺i ∨ ≺j i

≺j
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Local commutation

Local peak may be non-base case

Proof.

giving in the end a decreasing diagram

≺i ∨ ≺j

j

j

i

≺j

LD

≺i ∨ ≺j

i
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Local commutation

Local peak may be non-base case

Proof.

idea: combine label with labels it still has to commute with

i j
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Proof.

idea: combine label with labels it still has to commute with

i j

i still has to commute with j ; j still has to commute with i
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Local commutation

Local peak may be non-base case

Proof.

idea: combine label with labels it still has to commute with

i j

i
j

≺j
≺i ∨ ≺j

i has to commute with ≺j
j does not have to commute anymore
≺i , j have to commute among themselves

JN & VvO (UIBK) Commutation, motivation, localisation 18/23



Local commutation

Local peak may be non-base case

Proof.

formally: compare label strings of conversions by s �• t with

s �• t if 〈s〉f ((�,�•)lex)mul 〈t〉f

• 〈s〉f = [(´̀, q) | s = p ´̀q] ∪ [(`̀, p) | s = p `̀q]
collects acute/grave letters together with suffix/prefix

• �mul the multiset extension of �
• (�1,�2)lex the lexicographic product of �1, �2
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Local commutation

Local peak may be non-base case

Proof.

formally: compare label strings of conversions by s �• t with

s �• t if 〈s〉f ((�,�•)lex)mul 〈t〉f

• 〈s〉f = [(´̀, q) | s = p ´̀q] ∪ [(`̀, p) | s = p `̀q]
collects acute/grave letters together with suffix/prefix

• �mul the multiset extension of �
• (�1,�2)lex the lexicographic product of �1, �2

�• well-founded prooforder
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Local commutation

Locally decreasing for self

Theorem

locally decreasing ⇒ confluence

⇒

i

≺j
= =

j i

≺i ∨ ≺j ≺i ∨ ≺j

∗ ∗

∗

j

≺i

→ =
⋃

i∈I →i , ≺ well-founded order on I

complete for countable systems
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Local commutation

Locally decreasing for self

Theorem

locally decreasing ⇒ confluence

⇒

i

≺j
= =

j i

≺i ∨ ≺j ≺i ∨ ≺j

∗ ∗

∗

j

≺i

→ =
⋃

i∈I →i , ≺ well-founded order on I

complete for countable systems
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Local commutation

(In)completeness of decreasing diagrams

Theorem

if a countable rewrite relation is confluent, then it can be proven so
by decreasing diagrams.
only 2 labels are needed
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Local commutation

(In)completeness of decreasing diagrams

decreasing diagrams is incomplete for commutation

Example

d J b / a1 /I a2 I c . d

Proof by contradiction.

consider triples of shape b /i a1 /Ij a2 Ik c with labels [i , j , k].
suppose w.l.o.g. a1 Ij a2. then b /i a1 Ij a2 can only be closed by
b /i ′ a1 /j ′ a2. distinguish cases on the origin of the label j ′:

• if j ′ < j , then consider the triple with labels [i , j ′, k].

• suppose j ′ = i . if i ′ < i consider the triple with labels [i ′, j , k],
else i ′ < j and consider the triple with labels [i ′, i , k].
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Local commutation

(In)completeness of decreasing diagrams

decreasing diagrams is incomplete for commutation

Example

d J b / a1 /I a2 I c . d

Proof by contradiction.

consider triples of shape b /i a1 /Ij a2 Ik c with labels [i , j , k].
suppose w.l.o.g. a1 Ij a2. then b /i a1 Ij a2 can only be closed by
b /i ′ a1 /j ′ a2. distinguish cases on the origin of the label j ′:

• if j ′ < j , then consider the triple with labels [i , j ′, k].

• suppose j ′ = i . if i ′ < i consider the triple with labels [i ′, j , k],
else i ′ < j and consider the triple with labels [i ′, i , k].

even if works, arbitrarily many labels may be needed.
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Local commutation

Ordered commutation

Theorem

ordered local commutation =⇒ ordered commutation

6=⇒6

how to read: either joinable, or the longer side is infinite
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Local commutation

Ordered commutation

Theorem

ordered local commutation =⇒ . is better than I

6=⇒6

how to read: either joinable, or the longer side is infinite
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Local commutation

Lazy commutation

Theorem

if . ·I ⊆ . ∪ (I ·�), then → = . ∪ I terminating if .,I are

Proof.

a9

infinite I
-reduction

giving
preference

to
.-steps

infinite →
-reduction

a0 a1

a2 a5

a6

a7
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Local commutation

Theorem

if ., I are TRSs, . is right-linear, I is left-linear and no overlap
. ∪ I is terminating iff .,I terminating

Proof.

by lazy commutation
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